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Constrained Circularization in Elliptic Orbit
Using Low Thrust with Shadowing Effect

Jean A. Kéchichian¤

The Aerospace Corporation, El Segundo, California 90245-4691

The optimal thrust pitch angle variation that results in the maximum change in the eccentricity in general
elliptic orbit using continuous, constant, low-thrust acceleration while keeping the orbit energy unchanged after
a full thrust cycle is determined by direct use of the theory of maxima and through numerical quadrature and
search techniques. The analysis takes into account the presence of a shadow arc arbitrarily positioned along the
elliptic orbit, where thrust is cut off. Unlike the well-known nonoptimal scheme that uses a thrust orientation
perpendicular to the line of apsides at all times, the present optimal scheme allows for the maximum change in
eccentricity for a more ef� cient orbit circularization. Approximate but highly accurate analytic expressions for
the changes in the eccentricity and semimajor axis of a general elliptic orbit, perturbed by a constant low-thrust
acceleration applied along the � xed inertial direction normal to the orbit major axis, are also derived for general
use and rapid calculations.

Introduction

T HE problem of the maximization of the change in the eccen-
tricityof a generalelliptic orbit usingcontinuousconstant low-

thrust acceleration while constraining the semimajor axis a to stay
constant after one full cycle of thrust is analyzed, by also taking
into account the presence of the Earth shadow arc where the thrust
is turned off. Elliptic orbit circularization with electric thrusters is
presently performed by geostationary communications spacecraft
that are initially released into highly elliptic supersynchronousor-
bits, subsequently circularized by also maintaining orbital energy
constant.

The optimization method is similar to the one used in Refs. 1–3,
which was also applied in Ref. 4 under the same assumption of
the initially circular orbit model. In particular, in Refs. 2 and 3, the
problem of transferring a spacecraft between two inclined circular
orbits, of different size and inclination, in minimum time, using
discontinuous low-thrust acceleration is considered. The two-body
thrust-perturbed orbit is, thus, constrained to remain circular dur-
ing the transfer, and the optimal control law for the thrust direction
derived for the fast timescale problem of maximizing the inclina-
tion change for a given change in the semimajor axis is used in
an averaging procedure to solve the overall slow timescale trans-
fer problem. The present paper tackles the fast timescale planar
problem in the more general elliptic case, by deriving the optimal
thrust pitch pro� le that maximizes the change in eccentricity with-
out changing semimajor axis and by also extending the analysis
to the dual problem of maximizing the orbit semimajor axis while
keeping the eccentricitye unchangedafter one cycle of intermittent
thrust. The change in eccentricity over a single orbit can then be
used in conjunctionwith an inclinationchange to produce averaged
rates of change in the eccentricityand inclination to solve the over-
all slow timescale minimum-time transfer problem of circularizing
and rotating an initial elliptic orbit without changing its orbital en-
ergy. The theory of maxima is, thus, employed in the present planar
problem, and the value of a certain constant Lagrange multiplier is
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determinednumerically by way of an iterative scheme such that the
corresponding integral constraint evaluated by numerical quadra-
ture is driven to zero. The optimal thrust vector pitch angle is then
obtainedas a direct functionof the orbitalpositionof the spacecraft,
which is selected here as the true anomaly. Simple orbit circular-
ization schemes are proposed in Refs. 5–7 for the continuous thrust
case. Spitzer6;7 adopts the inertially � xed � ring orientation where
the thrust is applied perpendicular to the line of apsides providing
near-optimal results while also ensuring semimajor axis constancy
to � rst order, in the process.

The presence of a shadow arc disrupts the constancyof the semi-
major axis when the inertially � xed � ring direction mode is used.
The optimal mode derived here by extending the results obtained
in the circular case8 ensures that the tailored thrust-pitchpro� le not
only optimizes the change in the eccentricity but also satis� es the
semimajor axis constraint regardless of the size and orbital location
of the shadow arc.

Finally, analytic integrations of the differential equations for the
variablesa ande, which consistof thevariationalequationsof the or-
bit, are carried out using the inertially � xed � ring scheme in the
elliptic case, so that the changes in a and e are easily evaluated
from their corresponding approximate analytic expressions, valid
for about one revolutionabout the central body, without the need to
integrate the differential equations numerically.

Maximization of the Change in Eccentricity Subject to
Zero Change in the Semimajor Axis for Discontinuous

Thrusting in Elliptic Orbit
Figure 1 shows an elliptic orbit with the Earth–sun line contained

in the orbit plane, yielding the worst-case shadowing represented
by the arc E 0 H 0 where no thrust is applied. The thrust-pitch angle
® is the angle between the radial direction Or and the thrust vector T,
and µ¤

1 and µ¤
2 are the true anomalies of the shadow entry and exit

points E 0 and H 0, respectively.The Earth–sun line is inclined at an
angle ¯ with respect to the eccentricity vector orientation, with the
sunlight cylinder tangent to the Earth sphere intersectingthe orbit at
four distinct locations, E , H , and E 0, H 0. Letting R© D 6378:14 km
represent the Earth radius, the equations of the lines E E 0 and H H 0

are given, respectively, by

y D .x ¡ ae/ tan ¯ C R©=c¯ (1)

y D .x ¡ ae/ tan ¯ ¡ R©=c¯ (2)

with x along e and y along the semiminor axis, where c¯ is used for
cos ¯ , etc., and a and b are the orbit semimajor axis and semiminor
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Table 1 Shadow entry and exit true anomalies vs ¯ for worst-case shadowing with a = 40,000 km and e = 0.7

¯, deg

Anomaly 0 (180) 30 (210) 60 (240) 90 (270) 120 (300) 150 (330)

µ¤
0 , deg 185.438741 218.068229 254.786809 293.593947 330.165966 2.097728

(30.128698) (55.823269) (80.428847) (104.863308) (129.916827) (156.433484)
µ¤

f , deg 534.561259 563.566516 590.083173 615.136692 639.571153 304.176731
(329.871302) (357.902271) (389.834034) (426.406053) (465.213191) (509.931771)

Fig. 1 Shadowing geometry on elliptic orbit.

axis, respectively. The coordinates of the points H and H 0 are ob-
tained by substituting y from Eq. (2) into the equationof the ellipse,
namely, x2=a2 C y2=b2 D 1, and solvingfor the two valuesof x from
the resulting quadratic Ax 2 C Bx C C D 0, where

C D D ¡ 1; A D 1=a2 C tan2 ¯=b2

B D ¡
£
2ae tan2 ¯ C 2.R©=c¯ / tan ¯

¤¯
b2

D D .1=b2/.R©=c¯ C ae tan ¯/2

The coordinates of the intersection points of the line E E 0 with the
ellipse are obtained likewise using Eq. (1) and solving for the value
of x from the quadratic Ax 2 C B 0x C C 0 with C 0 D D 0 ¡ 1 and

B 0 D ¡
£
2ae tan2 ¯ ¡ 2.R©=c¯ / tan ¯

¤¯
b2

D 0 D .1=b2/.R©=c¯ ¡ ae tan ¯/2

For ¯ D 90 and 270 deg, the lines H H 0 and E E 0 are described
by the equations x D ae C R© and x D ae ¡ R© , respectively, for
¯ D 90 deg, or the converse for ¯ D 270 deg, such that the four
intersection points are now obtained by inserting these expressions
for x in the equation of the ellipse and solving for the values of y,
respectively, as

y D §
£
b2 ¡ .b2=a2/.ae C R©/2

¤ 1
2

y D §
£
b2 ¡ .b2=a2/.ae ¡ R©/2

¤ 1
2

Because x D acE and y D bsE , the value of the eccentric anomaly
E is readily obtained from the coordinates x and y, and � nally, the
true anomaly of each intersectionpoint is known from the identities

sµ¤ D .1 ¡ e2/
1
2 sE

.1 ¡ ecE /
; cµ¤ D .cE ¡ e/

.1 ¡ ecE /

Thus, for a given sun angle ¯, the true anomalies of the shadow
entry and exit points, µ¤

1 and µ ¤
2 , respectively, are easily obtained.

These angles are displayed in Table 1 for various¯ angles cover-
ing the whole range 0 · ¯ · 360 deg with µ¤

0 standing for µ¤
2 and µ ¤

f
standing for µ¤

1 and where an angle of 360 deg has been added to µ ¤
f

where needed, such that the thrust is applied from µ¤
0 (shadow exit)

to µ ¤
f (shadow entry) with the angle always increasing for reliable

integration.

When k D T=m is the constant thrust accelerationmagnitude, the
Or and Oµ componentsof this acceleration,namely, fr and fµ , are given
by kc® and ks® , respectively.Here Or and Oµ are unit vectors along the
radial direction and the direction 90 deg ahead of it, such that the
differential equations valid in elliptic orbit are given by9

Pa D
2esµ ¤

n.1 ¡ e2/
1
2

fr C
2.1 C ecµ ¤ /

n.1 ¡ e2/
1
2

fµ (3)

Pe D .1 ¡ e2/
1
2

na
sµ¤ fr C .1 ¡ e2/

1
2

nae

³
1 C ecµ¤ ¡ 1 ¡ e2

1 C ecµ¤

´
fµ (4)

where n represents the orbit mean motion ¹1=2a¡3=2 . Because the
thrust acceleration magnitude is very low, we can neglect the con-
tributions of the terms in fr and fµ in the differential equation
for µ¤

dµ¤

dt
D

h

r 2
¡

r

he
[¡cµ ¤ .1 C ecµ¤ / fr C sµ ¤ .2 C ecµ¤ / fµ ]

such that this general singular form is reduced to the following
simple form:

dµ ¤

dt
D

h

r 2
D

n.1 C ecµ¤/2

.1 ¡ e2/
3
2

(5)

after replacement of h and r by ¹1=2a1=2.1 ¡ e2/1=2 and
a.1 ¡ e2/=.1 C ecµ¤ /, respectively. Equations (3) and (4) are now
written in terms of µ ¤ (the independent variable instead of t , the
physical time) after division by Eq. (5), such that the following
approximate form is obtained:

da

dµ¤
D 2esµ¤ .1 ¡ e2/

n2.1 C ecµ ¤ /2
kc® C 2.1 ¡ e2/

n2.1 C ecµ¤ /
ks® (6)

de

dµ¤
D .1 ¡ e2/2sµ¤

n2a.1 C ecµ ¤ /2
kc® C .1 ¡ e2/2

n2ae

£
µ

1
1 C ecµ ¤

¡ .1 ¡ e2/

.1 C ecµ¤/3

¶
ks® (7)

The changes 1a and 1e over one revolution can be written as
follows as a result of applying the low-thrust acceleration between
µ¤

0 and µ¤
f :

1a D 2.1 ¡ e2/k

n2

Z µ ¤
f

µ ¤
0

µ
esµ ¤ c®

.1 C ecµ ¤ /2
C

s®

.1 C ecµ¤ /

¶
dµ¤ (8)

1e D .1 ¡ e2/2k

n2a

£
Z µ ¤

f

µ ¤
0

µ
sµ¤c®

.1 C ecµ ¤/2
C

s®

e.1 C ecµ ¤/
¡ .1 ¡ e2/s®

e.1 C ecµ¤/3

¶
dµ¤ (9)

To maximize the change in e, namely, 1e, subject to the constraint
1a D 0, the following augmented integral is formed with the use of
the constant Lagrange multiplier ¸ that effectively adjoins 1a to



KÉCHICHIAN 951

the preceding 1e expression, namely, I .®/ D 1e C ¸1a,

I .®/ D
Z µ¤

f

µ¤
0

.1 ¡ e2/k

n2

»
.1 ¡ e2/

a

µ
sµ¤ c®

.1 C ecµ ¤/2
C

s®

e.1 C ecµ¤ /

¡ .1 ¡ e2/s®

e.1 C ecµ ¤ /3

¶
C 2¸

µ
esµ ¤ c®

.1 C ecµ ¤/2
C

s®

.1 C ecµ¤ /

¶¼
dµ¤ (10)

Let F stand for the preceding integrand, then Euler’s equation
@ F=@® D 0, which is a necessary condition for optimality, provides
the optimal thrust pitch law as

tan ® D
©
.1 ¡ e2/

£
.1 C ecµ ¤ /2 ¡ .1 ¡ e2/

¤
C 2ae¸.1 C ecµ ¤ /2

ª¯

e.1 C ecµ¤ /
£
.1 ¡ e2/ C 2ae¸

¤
sµ¤ (11)

This expression yields in turn

s2
® D

©
¡.1 ¡ e2/

£
.1 C ecµ ¤ /2 ¡ .1 ¡ e2/

¤
¡ 2ae¸.1 C ecµ¤ /2

ª2¯
X

c2
® D e2.1 C ecµ ¤ /2

£
¡.1 ¡ e2/sµ ¤ ¡ 2ae¸sµ¤

¤2¯
X

where X is given by

X D e2.1 C ecµ¤ /2
£
¡.1 ¡ e2/sµ¤ ¡ 2ae¸sµ ¤

¤2

C
©
¡.1 ¡ e2/

£
.1 C ecµ¤ /2 ¡ .1 ¡ e2/

¤
¡ 2ae¸.1 C ecµ¤ /2

ª2

Using these expressionsof s® and c® in Eq. (8) for 1a results in the
following integral after carrying out some manipulations:

1a D 2.1 ¡ e2/k

n2

£
Z

µ ¤
f

µ ¤
0

[¡.1 ¡ e2/ ¡ 2ae¸].1 C e2 C 2ecµ¤ / C .1 ¡ e2/

.1 C ecµ ¤ /X
1
2

2

dµ ¤

(12)

The value of ¸ is searched on and the integral constraint (12) eval-
uated each time by numerical quadraturebetween the limits µ ¤

0 and
µ¤

f where the thrust is on, until the value of 1a is driven to zero
to within a small tolerance.A 10-pointGauss–Legendre quadrature
(seeRef. 10)of the1a integralis performed,and thezerocrossingof
the 1a function is established,such that the Wijngaarden–Dekker–
Brent method (see Ref. 10),which consistsof combiningrootbrack-
eting, bisection, and inverse quadratic interpolation, is used to zero
in on the exact value of ¸ from the zero crossing neighborhood.For
the example orbit of Table 1, ¸ is of the order of ¡10¡6 1/km, and
for the dual problem of maximizing 1a with zero 1e change, ¸ is
of the order of 105 km. Once ¸ is determined, the angle ® that max-
imizes the change in the eccentricity 1e is obtained from Eq. (11)
such that 1e itself is now determinedby numerical quadraturefrom
Eq. (9), namely,

1e D .1 ¡ e2/2k

n2a

£
Z µ ¤

f

µ ¤
0

µ
sµ¤ c®

.1 C ecµ ¤ /2
C

s®

e.1 C ecµ¤ /
¡ .1 ¡ e2/s®

e.1 C ecµ ¤ /3

¶
dµ¤

(13)

Because of the squaring operations, the preceding s2
® and c2

® expres-
sions provide s® and c® with the plus or minus sign. In as much
as both signs must be either plus or minus, because otherwise the
tan ® expression will change sign, the ¸ value that drives 1a to
zero is the same in either case. However, the plus sign will yield 1e
with the pitch angle ®, with 1e being either positive or negative,
and the minus sign will yield the same 1e with the opposite sign,
using the thrust pitch angle ® C ¼ , because in the latter case the
thrust direction is exactly opposite to the direction that corresponds

to the selection of the plus sign. In other words, if 1e is positive
with the plus sign selected for the s® and c® expressions, then it
will be negative with the minus sign selection and vice versa. If the
constraint 1a D 0 is not enforced, then the maximization of 1e in
elliptic orbit is made possible by simply setting ¸ D 0 in Eq. (11)
resulting in the optimal law

tan® D .1 C ecµ ¤ /2 ¡ .1 ¡ e2/

e.1 C ecµ¤ /sµ¤
(14)

This angle ® also maximizes in this case, the instantaneous rate of
changeof e. In the circularcase, the limit as e ! 0 of expression(14)
will be given by1

tan ® D 2=tan µ¤ (15)

which is the well-known optimal thrust steering program to maxi-
mize 1e from an initially circular orbit. In practice when e is near
zero, the nonzeroaveragee over one revolutionis to be used instead,
and µ* is just the angular position measured from the shadow exit
point with µ¤

0 D 0:
The case that corresponds to ¯ D 180 deg is now solved with

µ¤
0 D 30:128698 deg, µ¤

f D 329:871302 deg using k D 3:5 £
10¡7 km/s2 for the constant thrust acceleration and an initial or-
bit given by a D 40,000 km and e D 0:7 yielding ¸ D ¡0:445453£
10¡6 1/km, and a corresponding 1e from Eq. (13) of
¡0:9042309£ 10¡2. Equations (6) and (7) are now integrated nu-
merically from the initial state using ® D f .µ ¤/ from Eq. (11) and
holdinga, e, and n constant in the right-handside of each of the two
differential equations, starting from µ¤

0 until µ¤
f . This veri� cation

run yields the � nal state a f D 40,005.308km and e f D 0:69060484,
which corresponds to an achieved (1e/ f of ¡0:9395152£ 10¡2.

Maximization of the Change in Semimajor Axis Subject
to Zero Change in the Eccentricity for Discontinuous

Thrust in Elliptic Orbit
The dual problem of maximizing the orbit energy subject to the

constraint 1e D 0 iscarriedoutby formingthe followingaugmented
integral, namely, I .®/ D 1a C ¸1e:

I .®/ D .1 ¡ e2/k

n2

Z
µ ¤

f

µ ¤
0

»
2

µ
esµ ¤ c®

.1 C ecµ ¤ /2
C

s®

.1 C ecµ¤ /

¶
C ¸.1 ¡ e2/

a

£
µ

sµ¤ c®

.1 C ecµ ¤ /2
C

s®

e.1 C ecµ¤ /
¡ .1 ¡ e2/s®

e.1 C ecµ ¤ /3

¶¼
dµ ¤ (16)

When F stands for the integrand in Eq. (16), the optimal pitch angle
® is obtained as a function of µ¤ and the multiplier ¸ by direct
application of the Euler equation as before, @ F=@® D 0, leading to

tan ® D
¸.1 ¡ e2/

£
.1 C ecµ¤ /2 ¡ .1 ¡ e2/

¤
C 2ae.1 C ecµ¤ /2

e.1 C ecµ ¤/
£
¸.1 ¡ e2/ C 2ae

¤
sµ ¤

(17)

If the 1e D 0 constraint is not enforced, then ¸ = 0 is selected
in Eq. (17) for the pitch pro� le that would maximize 1a for the
unconstrainedelliptic case resulting in

tan ® D .1 C ecµ¤ /

esµ ¤
(18)

However, the � ight direction angle ° , which is the angle between
the radius vector r and the velocity vector À, is given by9

s° D .¹=hÀ/.1 C ecµ¤ /; c° D .¹=hÀ/esµ¤

where h is the orbital angular momentum, such that

tan ° D .1 C ecµ¤ /

esµ ¤
(19)
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which is identical to Eq. (18). Thus, ® D ° , and the thrust vector
is then aligned with the velocity vector itself, which is the well-
known solution for maximizing the orbit semimajor axis in the un-
constrained elliptic case. In the limiting case where e approaches
zero, tan ® will tend to 1 and ® to 90 deg, again pointing the thrust
vector along the velocity vector.

Return to the constrained case, Eq. (17) yields

s2
® D

©
.1 ¡ e2/

£
¸.1 C ecµ¤ /2 ¡ ¸.1 ¡ e2/

¤
C 2ae.1 C ecµ ¤ /2

ª2¯
X 0

c2
® D e2.1 C ecµ¤ /2

£
¸.1 ¡ e2/sµ ¤ C 2aesµ ¤

¤2¯
X 0

where X 0 is the sum of the squaresof thenumeratorand denominator
in the tan® expression.The same discussionconcerning the sign of
s® and c® made in the preceding section also applies here. With
replacement in the 1e expression in Eq. (9), the following form for
that integral is obtained after some manipulations:

1e D .1 ¡ e2/2k

n2ae

£
Z µ ¤

f

µ ¤
0

(£
¸.1 ¡ e2/ C 2ae

¤¡
2e2 C 2ecµ ¤

¢
¡ ¸.1 ¡ e2/2

.1 C ecµ ¤ /X 0
1
2

C ¸.1 ¡ e2/3

.1 C ecµ¤ /3 X 0
1
2

)
dµ¤ (20)

As before, the value of ¸ is searched on and the preceding integral
evaluated by numerical quadrature between the bounds µ¤

0 and µ¤
f ,

where the thrust is on, until 1e D 0 is achieved to within a small
tolerance.

1a is then obtained from Eq. (8) also by quadrature once ¸ is
determined, and ® is made a function of the constants a and e and
the integration variable µ¤ only, in Eq. (17).

The example initial orbit of the preceding section is used, and the
following optimal solution that maximizes 1a is obtained, namely,
¸ D 0:20597067506£ 105 km with 1a D 545:016 km and with in-
tegrated a f and e f using Eqs. (6) and (7), of 40,529.360 km and
0.699020655, respectively. The two optimal solutions, namely, the
1e and 1a-maximized thus generated, are now compared to the
simple nonoptimal Spitzer � ring scheme,6;7 where the thrust vector
is directedalonga directionnormal to theorbit line of apsidesresult-
ing in an inertially � xed � ring mode. In this scheme c® D ¡sµ¤ and
s® D ¡cµ ¤ will effectively decrease the orbit eccentricity, whereas
c® D sµ ¤ and s® D cµ¤ will increase it, with the � rst mode � ring op-
posite the velocity vector at perigee and along the velocity vector
at apogee effectively lowering apogee and raising perigee to de-
crease e and the second mode giving exactly the reverse result.
With use of the � rst Spitzer mode, to lower eccentricity, the initial
orbit is integrated using Eqs. (6) and (7) between µ¤

0 D 30:128698
and µ¤

f D 329:871302 deg as for the two preceding optimal cases,
yieldinga f D 40,035.843km, and e f D 0:690812921,with the latter
value slightlyhigher than the one generated by the 1a-constrained,
maximum e-drop solution at e f D 0:69060484; a f itself is larger
than the desired value of 40,000 km in this case because the Spitzer
modes cannot constrain the energy of the orbit.

Figures2–4 showthepitchangle,semimajoraxis,andeccentricity
variations, respectively,of the two constrainedoptimal solutions,as
well as the Spitzer6;7 solution, showing how the � rst Spitzer � ring
mode is nearly identical to the optimal mode that maximizes the
drop in e. Unlike these two modes that display a sign change in ® to
accelerate and decelerate the vehicle along its orbit, the maximum
1a solution keeps a positive ® value throughout. Figure 3 shows
how the Spitzer mode fails to recover the initial semimajor axis after
one cycle of thrust even though it matches closely the optimal 1e
change as shown in Fig. 4.

Further Numerical Comparisons
A series of runs is now made for various values of sun an-

gle ¯ using both the constrained 1e-maximizing strategy and the

Fig. 2 Thrust-pitch angle variation for maximum ¢e, maximum ¢a,
and Spitzer6;7 solutions.

Fig. 3 Semimajoraxis variationfor maximum¢e, maximum¢a, and
Spitzer6;7 solutions.

Fig. 4 Eccentricity variation for maximum ¢e, maximum ¢a, and
Spitzer6;7 solutions.

Spitzer6;7 strategy, with the shadow exit and entry true anoma-
lies in Table 1 for each corresponding ¯ angle. Tables 2 and
3 show the values of the iterated multiplier ¸, as well as the
(1e/1e computed from the 1e integral by quadrature, and the nu-
merically integrated .a f /1e and .e f /1e � nal parameters of the opti-
mized solutions for each ¯ . The .a f /s and .e f /s of the Spitzer inte-
gratedtrajectoriesare alsoshownin Tables2 and3 with .a f /s , under-
shooting the desired 40,000-km mark in the range ¯ D 330–30 deg
and overshooting in the much wider range of 60 < ¯ < 300 deg.
When ¯ is either 0 or 180 deg, that is, when the Earth–sun line is
along the orbit line of apsides, the shadow arcs are centered at the
orbit apogee and perigee, respectively,resulting in higher variations
of .a f /s from the 40,000-km value, which is by contrast fairly well
matched by the constrainedsolutions as shown in Tables 2 and 3 to
within a few kilometers only.

A higher-order quadrature method than the 10-point Legendre–
Gauss method used here might more closely enforce the 1a D 0
constraint.Nevertheless,Fig. 5 shows both .a f /1e and .a f /s values
as a function of ¯ for the entire range 0 < ¯ < 360 deg with the
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Table 2 Achieved � nal parameters with ¢a-constrained, ¢e-optimizing and Spitzer6;7 modes for ¯ = 0–150 deg

¯, deg

Parameter 0 30 60 90 120 150

.¸/1e , 1/km ¡0:25669812£ 10¡5 ¡0:24080373£ 10¡5 ¡0:60456815£ 10¡6 ¡0:2563464£ 10¡6 ¡0:2338952£ 10¡7 ¡0:11460911£ 10¡6

.1e/1e ¡0:80332152£ 10¡2 ¡0:87636901£ 10¡2 ¡0:94523115£ 10¡2 ¡0:9314426£ 10¡2 ¡0:9246776£ 10¡2 ¡0:96956425£ 10¡2

.a f /1e , km 39998.623 40002.482 39996.023 40005.449 39997.453 39997.334

.e f /1e 0.691958845 0.691218603 0.690659402 0.690620353 0.690614399 0.690606069

.a f /s , km 39964.157 39985.214 40012.055 40026.495 40032.887 40035.272

.e f /s 0.692067423 0.691339135 0.690850669 0.690785068 0.69079769 0.690809371

Table 3 Achieved � nal parameters with ¢a-constrained, ¢e-optimizing, and Spitzer modes for ¯ = 180–330 deg

¯, deg

Parameter 180 210 240 270 300 330

.¸/1e , 1/km ¡0:4454532£ 10¡6 ¡0:11460911£ 10¡6 ¡0:2338952£ 10¡7 ¡0:2563464£ 10¡6 ¡0:60456815£ 10¡6 ¡0:24080373£ 10¡5

.1e/1e ¡0:90423093£ 10¡2 ¡0:96956425£ 10¡2 ¡0:9246776£ 10¡2 ¡0:9314426£ 10¡2 ¡0:94523115£ 10¡2 ¡0:87636901£ 10¡2

.a f /1e , km 40005.308 39997.334 39997.453 40005.449 39996.023 40002.482

.e f /1e 0.690604847 0.690606069 0.690614399 0.690620353 0.69065940 0.691218603

.a f /s , km 40035.843 40035.272 40032.887 40026.495 40012.055 39985.214

.e f /s 0.69081291 0.690809371 0.690797699 0.690785068 0.690850669 0.691339135

Fig. 5 Final achieved semimajor axis for maximum¢e and Spitzer6;7

solutions as a function of sun angle ¯.

Fig. 6 Eccentricity change for maximum ¢e and Spitzer6;7 solutions
as a function of sun angle ¯.

.a f /1e of the optimized solutions closely matching the 40,000-km
constraint regardless of the value of ¯, whereas the Spitzer .a f /s

bell-shaped curve shows how the constraint is violated except for
two narrow ranges centered around ¯ D 45 and 315 deg.

Finally, in Fig. 6, the optimal 1e changeas well as the 1e change
of the Spitzer6;7 solution are plotted vs ¯ showing how the optimal
solution yields the larger change as desired while also complying
with the 1a D 0 constraint for this worst case of shadowing in this
particular elliptic orbit example.

Analytic Integrations for the Spitzer Scheme
Because of the very low level of the low-thrust acceleration pro-

videdby the electric thrusters,it is possibleto obtainanalyticexpres-

sions for the changesexperiencedby the eccentricityand semimajor
axis of a given orbit for the case where the constant thrust accelera-
tion is applied in a � xed inertial orientation such as in the Spitzer6;7

case. Because a and e vary by a small amount, after one cycle of
thrust or an orbit, their value can be kept constant in the right-hand
side of the variational equations, paving the way for their analytic
integration.

Let us � rst start with the simpli� ed equations of motion valid in
circularorbit,whichare obtainedfromEqs. (6) and (7)byneglecting
all terms of order e or higher:

da

dµ¤ D 2k
a3

¹
s® (21)

de

dµ¤
D

ka2

¹
.c®sµ ¤ C 2s®cµ¤ / (22)

Using s® D cµ ¤ and c® D sµ¤ (for increasinge), holdinga as constant
in the right-handsidesof Eqs. (21) and (22),and integratingbetween
0 and µ ¤ yields the simple expressions

a D a0 C 2k.a3=¹/sµ¤ (23)

e D e0 C .ka2=¹/
¡

3
2 µ¤ C s2µ¤ =4

¢
(24)

An exact integrationis alsopossiblein this case.For instance,rewrit-
ing Eq. (21) as

a¡3 da D 2.k=¹/cµ ¤ dµ¤

and integrating results in the exact expression

a D a0

£
1 ¡ 4

¡
ka2

0

¯
¹

¢
sµ ¤

¤¡ 1
2 (25)

If this expression is now inserted in Eq. (22), then

e ¡ e0 D
K

4

Z
µ¤

0

¡
1 C c2

µ¤

¢

.1 ¡ K sµ¤ /
dµ¤

where K D 4ka2
0=¹ is a constant and its value is less than one for

typical low-thrust accelerationsused in Earth orbit.
The � rst part of the preceding integral is easily obtained as

Z
µ¤

0

dµ¤

.1 ¡ K sµ¤ /
D 2

.1 ¡ K 2/
1
2

tan¡1

µ
tan.µ ¤=2/ ¡ K

.1 ¡ K 2/
1
2

¶­­­­
µ ¤

0

(26)
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The second part is more complicated,and it is given by MATLAB®

in the form

K

4

Z
µ¤

0

c2
µ ¤

.1 ¡ K sµ¤ /
dµ¤ D ¡ 1

2K
.1 ¡ K 2/

1
2

£ tan¡1

µ
tan.µ ¤=2/ ¡ K

.1 ¡ K 2/
1
2

¶­­­­
µ ¤

0

C
µ¤

4K

­­­­
µ¤

0

¡
1

2
c2

µ ¤=2

­­­­
µ ¤

0

(27)

Therefore, a closed expression for e reads

e D e0 C
K

2.1 ¡ K 2/
1
2

tan¡1

µ
tan.µ ¤=2/ ¡ K

.1 ¡ K 2/
1
2

¶­­­­
µ ¤

0

C µ ¤

4K

­­­­
µ¤

0

¡ 1
2

c2
µ¤=2

­­­­
µ¤

0

¡ 1
2K

.1 ¡ K 2/
1
2 tan¡1

µ
tan.µ ¤=2/ ¡ K

.1 ¡ K 2/
1
2

¶­­­­
µ¤

0

(28)

The � rst and last inverse tangent terms can be combined into a sin-
gle one; however, they are left that way because unlike the � rst
one, the second inverse tangent term is very sensitive to small K
when evaluated at µ ¤ D 0. For example, for k D 3:5 £ 10¡7 km/s2,
a0 D 7000 km, e0 D 0, and ¹ D 398601:3 km3=s2, K D
1:72101796959£ 10¡4 , .1 ¡ K 2/1=2 D 0:99999998519 such that
enough digits must be carried to prevent a less than precise cal-
culation of e from Eq. (28), due to the already mentioned sen-
sitivity. Also the proper branch of the inverse tangent function
must be selected such that it corresponds to the one on which
µ¤=2 lies for any particular choice of µ¤. Otherwise, if the prin-
cipal branch of the inverse tangent function is always employed
in a systematic manner, then the answer will be wrong if the
function does not represent the principal value. For example, for
µ¤ D 220 deg, then µ¤=2 D 110 deg and the branch passing through
µ¤ D 180 deg must be selected, such that 180 deg must be added
to the principal value for accurate evaluations. When these partic-
ular values of k; a0 , ¹, and µ¤ D 220 deg are used, Eqs. (23) and
(25) yield a D 6999:6127813 km and a D 6999:612845 km, respec-
tively, whereas Eqs. (24) and (28) yield e D 2:58401747£ 10¡4 and
e D 2:58419725£ 10¡4 .

The analytic integrationof da=dµ¤ and de=dµ ¤ in the elliptic case
requires that a, e, and n be held constant in the right-hand sides
of these differential equations, namely, Eqs. (6) and (7), which are
rewritten for convenience:

da

dµ¤ D 2esµ ¤ .1 ¡ e2/

n2.1 C ecµ ¤ /2
kc® C 2.1 ¡ e2/

n2.1 C ecµ¤ /
ks® (29)

de

dµ¤
D .1 ¡ e2/2sµ ¤

n2a.1 C ecµ ¤ /2
kc® C .1 ¡ e2/2

n2ae

µ
1

1 C ecµ ¤
¡ .1 ¡ e2/

.1 C ec3
µ¤ /

¶
ks®

(30)

For low-thrust acceleration, the assumption of holding a, e, and n
constant is an excellent one with negligible effect on the � nal result
when compared to the numerically integrated solution of the fully
coupled preceding system over one cycle of thrust or a revolution.
Let c® D ¡sµ¤ and s® D ¡cµ ¤ for the Spitzer6;7 scheme that reduces
the orbital eccentricity after one cycle of thrust; then Eqs. (29) and
(30) lead to
Z a

a0

da D k1

Z µ¤

0

s2
µ ¤

.1 C ecµ¤ /2
dµ¤ C k2

Z µ¤

0

cµ¤

.1 C ecµ¤ /
dµ¤ (31)

Z e

e0

de D k3

Z µ¤

0

s2
µ ¤

.1 C ecµ¤ /2
dµ¤ C k4

Z µ¤

0

cµ¤

.1 C ecµ¤ /
dµ¤

C k5

Z µ ¤

0

cµ¤

.1 C ecµ ¤ /3
dµ¤ (32)

where k1 D ¡2e.1 ¡ e2/k=n2, k2 D k1=e, k3 D ¡.1 ¡ e2/2k=n2a,
k4 D k3=e, and k5 D ¡k4.1 ¡ e2/ D ¡.k3=e/.1 ¡ e2/. The values of

a and e are the initial values that correspond to µ¤ D 0. The in-
tegrals involving s2

µ ¤ are broken into two integrals after replacing
s2

µ¤ D 1 ¡ c2
µ¤ such that the following integrals are needed:
Z

dµ¤

.1 C ecµ¤ /2
;

Z
c2

µ ¤

.1 C ecµ¤ /2
dµ¤

Z
cµ ¤

.1 C ecµ ¤ /
dµ ¤;

Z
cµ ¤

.1 C ecµ¤ /3
dµ¤

The � rst integral is solved through11

Z
dµ¤

.1 C ecµ¤ /2
D ¡

esµ¤

.1 ¡ e2/.1 C ecµ¤ /
C 1

.1 ¡ e2/

Z
dµ¤

.1 C ecµ¤ /

D
¡esµ ¤

.1 ¡ e2/.1 C ecµ¤ /
C 2

.1 ¡ e2/
3
2

tan¡1

µr
1 ¡ e

1 C e
tan

µ ¤

2

¶

(33)

AlsoZ
cµ¤

.1 C ecµ¤ /
dµ¤ D

µ¤

e
¡

1
e

Z
dµ¤

.1 C ecµ ¤ /
D

µ ¤

e
¡

2

e.1 ¡ e2/
1
2

£ tan¡1

µr
1 ¡ e

1 C e
tan

µ¤

2

¶
(34)

Note that

tan¡1

µr
1 ¡ e

1 C e
tan

µ ¤

2

¶
D

E

2

but that a more convenientexpressionrelating µ* and E is provided
by,12 namely, tan[.µ ¤ ¡ E /=2]D f sE =.1 ¡ f cE /, where

f D .1 C e/
1
2 ¡ .1 ¡ e/

1
2

.1 C e/
1
2 C .1 ¡ e/

1
2

leading to

µ¤ D E C 2 tan¡1

µ
esE

1 C .1 ¡ e2/
1
2 ¡ ecE

¶

and conversely,

E D µ¤ ¡ 2 tan¡1

µ
esµ ¤

1 C .1 ¡ e2/
1
2 C ecµ¤

¶

which involve directly the sine and cosine of the angles E and µ ¤.
Next, from the general form11

Z
A C Bcx

.a C bcx /n
dx D 1

.n ¡ 1/.a2 ¡ b2/

µ
.a B ¡ Ab/sx

.a C bcx /n ¡ 1

C
Z

.Aa ¡ bB/.n ¡ 1/ C .n ¡ 2/.a B ¡ b A/cx

.a C bcx /n ¡ 1
dx

¶

we haveZ
cµ¤

.1 C ecµ¤ /3
dµ ¤ D

sµ¤

2.1 ¡ e2/.1 C ecµ¤ /2
¡

e

.1 ¡ e2/

£
Z

dµ¤

.1 C ecµ¤ /2
C 1

2.1 ¡ e2/

Z
cµ ¤

.1 C ecµ¤ /2
dµ¤ (35)

The general form11

Z
dx

.a C bcx /n
D ¡

1

.n ¡ 1/.a2 ¡ b2/

£
µ

bsx

.a C bcx /n ¡ 1
¡

Z
.n ¡ 1/a ¡ .n ¡ 2/bcx

.a C bcx /n ¡ 1
dx

¶
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providesZ
dµ¤

.1 C ecµ¤ /2
D ¡

esµ¤

.1 ¡ e2/.1 C ecµ¤ /
C 2

.1 ¡ e2/
3
2

£ tan¡1

µr
1 ¡ e

1 C e
tan

µ¤

2

¶
(36)

The general form immediately following Eq. (34) is used now to
solve forZ

cµ ¤

.1 C ecµ¤ /2
dµ ¤ D

sµ¤

.1 ¡ e2/.1 C ecµ¤ /
¡ 2e

.1 ¡ e2/
3
2

£ tan¡1

µr
1 ¡ e

1 C e
tan

µ¤

2

¶
(37)

and � nally Eq. (35) is written as follows after adding the pertinent
integrals:
Z

cµ ¤

.1 C ecµ¤ /3
dµ ¤ D

sµ ¤
£
.1 C ecµ ¤ /.1 C 2e2/ C .1 ¡ e2/

¤

2.1 ¡ e2/2.1 C ecµ ¤ /2

¡ 3e

.1 ¡ e2/
5
2

tan¡1

µr
1 ¡ e

1 C e
tan

µ¤

2

¶
(38)

The � nal integral given next is obtained by way of symbolic inte-
gration using MALTAB:
Z

c2
µ ¤

.1 C ecµ¤ /2
dµ ¤ D 2.2e2 ¡ 1/

e2.1 ¡ e/
3
2

tan¡1

µr
1 ¡ e

1 C e
tan

µ¤

2

¶

¡
sµ¤

e.1 ¡ e2/.1 C ecµ ¤/
C µ¤

e2
(39)

Equation (31) can now readily be integrated to yield, after regroup-
ing terms, the following analytic expression for 1a D a ¡ a0:

1a D
k1sµ ¤

e.1 C ecµ¤ /

­­­­
µ¤

0

; k1 D ¡2e.1 ¡ e2/
k

n2
(40)

As e approacheszero and with k1 being linear in e, Eq. (40) reduces
to

1a D ¡.2k=n2/sµ¤ jµ¤
0

which is identical to the simple expression in Eq. (23) except for
the minus sign because here we used s® D ¡cµ ¤ and c® D ¡sµ¤ to
reduce eccentricity as opposed to Eq. (23), which was obtained
with s® D cµ¤ and c® D sµ¤ � ring in the reverse direction to increase
eccentricity.

The integration of Eq. (32) is also carried out to yield after re-
grouping terms the following analytic expression for 1e D e ¡ e0,
as a function of µ¤, valid in general elliptic orbit:

1e D
.1 C ecµ¤ /.1 ¡ 4e2/ ¡ .1 ¡ e2/

2e.1 ¡ e2/.1 C ecµ¤ /2
k3sµ ¤

­­­­
µ ¤

0

C 3k3

.1 ¡ e2/
3
2

tan¡1

µr
1 ¡ e

1 C e
tan

µ¤

2

¶­­­­
µ ¤

0

k3 D ¡ .1 ¡ e2/2k

n2a
(41)

For small e, the leading term in .1 C ecµ¤ /.1 ¡ 4e2/ ¡ .1 ¡ e2/ is
ecµ¤ such that, as e approaches zero, Eq. (41) collapses to

1e D ¡
k

n2a

s2µ ¤

4

­­­­
µ ¤

0

¡ 3k

2n2a
µ¤

­­­­
µ¤

0

identical to Eq. (24) except once again for the change in the
sign because of the reversed � ring orientation as compared to the

direction assumed in Eq. (24). Thus, both expressions for a and e
in Eqs. (40) and (41) valid in the general elliptic case reduce to
the simpler expressions in Eqs. (23) and (24) when e tends to zero,
providing a good check. The integration limits can of course be
any two true anomaly values and not necessarily 0 and the gen-
eral µ¤ values. The values of a and e appearing in the right-hand
sides of all of the equations derived in this paper correspond to
the initial values a0 and e0 . The subscript zero was left out for
ease of writing purposes. When a0 D 40,000 km, e0 D 0:7, and the
same values of ¹ D 398,601.3 km3/s2 and k D 3:5 £ 10¡7 km/s2

are used as before, the numerical integration of Eqs. (29) and
(30) with a D a0 and e D e0 held constant in the right-hand sides
during integration between the bounds µ¤

0 D 30:1286983 deg and
µ¤

f D 329:871302 deg, which correspond to the case of ¯ D 180 deg
in Table 1, yield a f D 40,035.8429 km and e f D 0:6908129217
for the Spitzer6;7 e-drop strategy. Equations (40) and (41) yield
1a D 35:842917km and 1e D ¡9:18707831£ 10¡3 , respectively,
or a f D 40,035.842917km and e f D 0:690812922,which are iden-
tical to the numerically integrated values, thereby validating the
analytic expressions derived here. Finally, these analytic integra-
tions are related to the exact analytic elliptic integrals in Cartesian
coordinates13 for the case of thrust oriented in a constant inertial
direction.

Conclusions
The maximization of the change in the eccentricity of a general

elliptic orbit subject to the constraint of zero change in the semi-
major axis while in the presence of a shadow arc where no thrust
is applied is carried out by direct application of the theory of max-
ima. The method is also applied to the dual problem of maximizing
the orbital energy while keeping eccentricity unchanged. A typical
high-energy, high-eccentricityorbit is used as an example, and the
worst case of shadowinggeometry,which takesplacewhen the sun–
Earth line is contained in the spacecraft orbit plane, is selected to
compare the achievedoptimalchangesin theeccentricityforvarious
sun angles to the suboptimal results obtained with the simpler � xed
� ring orientation scheme. Furthermore, analytic expressionsfor the
changes in the semimajor axis and eccentricity resulting from the
latter � ring mode are also derived in the general elliptic case.
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